Oscillation of neutral difference equations with periodic coefficients  by Kordonis, I.-G.E. & Philos, Ch.G.
Computers Math. Applic. Vol. 33, No. 7, pp. 11-27, 1997 
Pergamon Copyright©1997 Elsevier Science Ltd 
Printed in Great Britain. All fights reserved 
0898-1221/97 $17.00 + 0.00 
PII: S0898-1221(97)00040-0 
Oscillation of 
Neutral  Difference Equations 
with Periodic Coefficients 
I . -G .  E.  KORDONIS AND CH. G .  PHILOS 
Department ofMathematics, University of Ioannina 
P.O. Box 1186, 451 10 Ioannina, Greece 
cphilos~cc, uoi. Er 
(Received October 1996; accepted November 1996) 
Abstract - -Two classes of neutral inear difference equations with periodic oefficients are con- 
sidered, and necessary conditions and also sufficient conditions for the oscillation of all solutions are 
established. These conditions are referred to the roots of the associated characteristic equations. 
geywords--Difference equation, Oscillation. 
1. INTRODUCTION AND 
STATEMENT OF THE MAIN RESULTS 
Recently, there has been a great deal of work on the oscillation of solutions of difference quations 
(see, for example, [1-15] and the references cited therein). Ladas, Philos and Sficas [6], Philos 
[10,12], and Philos and Purnaras [13,14] investigated the oscillation problem for linear difference 
equations with variable coefficients, which are assumed to be nonnegative, and obtained necessary 
conditions and also sufficient conditions for the oscillation of all solutions. Some oscillation 
results for neutral difference quations have given by Chen, Lalli and Yu [1], Georgiou, Grove 
and Ladas [2], and Lalli and Zhang [7,8]. In the special case of (homogeneous) linear difference 
equations with constant coefficients, it is known that all solutions are oscillatory if and only 
if the associated characteristic equation has no positive roots. This oscillation criterion was 
stated by GySri, Ladas and Pakula [4] for (homogeneous) linear systems of difference quations 
with constant coefficient matrices and was proved by the method of z-transform, the discrete 
analogue of the Laplace transform; for an elementary proof of this result for scalar linear difference 
equations with positive constant coefficients we refer to [5] (see also [9,11,15] for a more general 
case of linear difference quations with constant coefficients where the number of the coefficients 
may be infinite). 
The case of linear difference quations with periodic coefficients i of particular interest. The 
oscillation problem of such equations, where the periodic oefficients are nonnegative, was treated 
by Philos [12] and Philos and Purnaras [14]. For some oscillation criteria concerning differential 
equations with periodic coefficients we refer [16-19]. 
In this paper, we consider two classes of neutral linear difference quations with periodic 
coefficients and we give necessary conditions and also sufficient conditions for the oscillation of 
all solutions, via the associated characteristic equations. Our results include as particular cases 
the main results in [12,14] concerning the oscillation of nonneutral difference quations with 
periodic coefficients. It must be noted that our results are motivated by those in [12,14]. 
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The application of the theory of difference equations i rapidly broadening to various fields such 
as numerical analysis, control theory, finite mathematics, and computer science; in particular, 
the connection between the theory of difference quations and computer science has become more 
important in recent years, because of the successful use of computers to solve difficult problems 
arising in applications. For the basic theory of difference quations we refer to the books by 
Agarwal [20] and Lakshmikantham and Trigiante [21]. 
Throughout the paper, the forward difference operator A is considered to be defined as usual, 
i.e., 
ASh = Sn+l - Sn, n _> p, 
for any sequence (Sn)n>p of real numbers, where p is an integer. Moreover, for any nonnegative 
integer no, the set {no, no + 1,... ) will be denoted by Nno. The oscillatory character isconsidered 
in the usual sense, i.e., a sequence of real numbers (Sn)n>p, where p is an integer, is said to be 
nonoscillatory if it is either eventually positive or eventually negative, and otherwise the sequence 
is said to be oscillatory. A difference quation will be called oscillatory if all its solutions are 
oscillatory. 
Consider the difference quation 
N 
A(An + cAn-k) + ~-~ps(n)An-tj = 0, (El) 
j=0 
where c is a real number, k is a positive integer, (ps(n)),>o (j = 0,1, . . . ,N)  with N > 1 are 
sequences of nonnegative real numbers, and I s (j = O, 1,. . . ,  N) are integers such that 0 = lo < 
ll < ... < IN.The sequences (ps(n))n>o (j = 1,...  ,N)  are supposed to be not identically zero. 
Moreover, it will be assumed that (ps(n))n>o (j = 0,1,... ,N)  are periodic sequences with a 
common period L (where L is a positive integer) and that there exist positive integers u and vj 
(j = 1, . . . ,  N)  such that 
k=uL  and I s=vsL  , ( j= I , . . . ,N ) .  
If no is a nonnegative integer, by a solution on Nno of the difference quation (El) we mean a 
sequence (An)n>no-max{k,lN} of real numbers, which satisfies (El) for all n >_ no. 
Consider also the difference quation 
A(An + cAn+k) - qo(n)An - ~-~ qs(n)An+m~ = O, (F-a) 
SEJ 
where c is a real number, k is a positive integer, J is a nonempty (finite or infinite) subset 
of {1,2,...}, (qo(n))n>o and (qs(n))n>o for j e J are sequences of nonnegative real numbers, 
and m s for j E J are positive integers such that ms1 ~ ms2 if j l , j2  E J with j l  ~ j2. The 
sequences (qs(n) n>O for j E J are supposed to be not identically zero and such that 
~-~qs(n) > 0, for all n _> 0. 
jEJ 
Moreover, it will be assumed that (qo(n))n>o and (qs(n))n>o for j e J are periodic sequences 
with a common period L (where L is a positive integer) and that there exist positive integers u 
and w s, j E J so that 
k=uL  and m s =wsL ,  fo r jE J .  
It is noteworthy that the set J may be infinite. 
For any nonnegative integer no, by a solution on Nno of the difference quation (E2) we mean 
a sequence (An)n>no of real numbers, which satisfies (E2) for all n _> n0. 
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We introduce the equation 
) H 1 = 0, (,)1 r=0 1 + cA -k 
which is associated with the difference equation (El). (This equation can be characterized as 
the characteristic equation of (El).) Also, with the difference equation (E2) we associate the 
following equation (which is in a sense the characteristic equation of (E2)): 
AL - H 1+ 1+cA - - - -~  qo(r) + qj(r)A m# = O. (*)2 
r=0 5~J J / 
Our main results are the following two theorems. 
THEOREM 1.1. 
(i) A necessary condition for the oscillation of the difference quation (El) is that there is no 
positive root A0 of (*)1 with the property: i l L  > 1, then 
N 
1 
 ps(r) o < 1, (r = 1, L -  1). 
1 + CAo k " ' "  j--0 
(ii) Assume that -1  < c < O. Then a sufficient condition/or the oscillation of the difference 
equation (El) is that (*)1 has no roots in the interval ((-c) l/k, 1). 
THEOREM 1.2. 
(i) A necessary condition for the oscillation of the difference quation (F_~) is that there is no 
positive root A0 of (*)2 with 1 + cAko > O. 
(ii) Assume that -1  < c <_ O. Then a sufficient condition for the oscillation of the difference 
equation (F-a) is that (*)2 has no roots in the interval (1, 1/(-c)  l/k) (which is the interval 
(1, oo) when c = 0). 
By applying Theorem 1.1 in the special case where c = 0, we obtain the main result in [12]. 
Moreover, when c = 0, Theorem 1.2 leads to the main result in [14]. Theorem 1.1 is motivated 
by the main result in [12] and the technique applied in proving Theorem 1.1 is originated in that 
applying in [12]. Analogously, the main result in [14] was the motivation for Theorem 1.2 and 
the basis of the method used in proving Theorem 1.2 is essentially the method used in [14]. 
Before closing this section, let us consider the special case of neutral inear difference quations 
with constant coefficients. 
Consider first the difference quation 
N 
A(An + cAn-k) + E PsAn-l# = O, (El) ° 
5=0 
where c is a real number, k is a positive integer, Po >_ 0 and P5 > 0 (j = 1, . . . ,  N) with N :> 1 
are real numbers, and lj (j -- 0 ,1 , . . . ,  N) are integers uch that 0 = lo < ll < .. .  < IN. In this 
case, the period L equals to 1 and the characteristic equation of (El) ° is the following: 
N 
1 
A - 1 + 1 + cA -- - - - - -~ E PJ A-t# -- 0. (,)0 
5--0 
By applying Theorem 1.1 to the difference quation (El) °, we obtain the following "if and only 
if" criterion for the oscillation of all solutions of (El) °. 
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Assume that -1  < c < O. Then a necessary and sul]icient condition for the oscillation of the 
difference quation (El) ° is that (,)o has no roots in the interval ((-c) l/k, 1). 
Consider next the difference quation 
A(An + cAn+k) -- QoAn - ~ QjAn+,,~ = 0, (E2) ° 
where c is a real number, k is a positive integer, J is a nonempty (which may be infinite) subset of 
{1, 2, . . .  }, Q0 _> 0 and Qj > 0 for j E J are real numbers, and mj for j E J are positive integers 
such that mj l¢  mj2 if Jl, J2 E J with j l  ~ j2. Here, L = 1 and the characteristic equation (*)2 
reduces to 1( / 
A-1  I+cA k Qo+~QjA  'n~ =0.  (,)o 
An application of Theorem 1.2 to the difference quation (E2) ° leads to the following "if and only 
if"oscillation criterion assume that -1  < c <_ O. Then a necessary and su~cient condition for the 
oscillation of the difference quation (E2 ) 0 is that (,)0 has no roots in the interval (1, 1/(--c)Wk) 
(which is the interval (1, oo) when c = 0). 
2. LEMMAS 
In this section, we will give two lemmas. Lemma 2.1 is needed for the proof of Theorem 1.1, 
while Lemma 2.2 is used in the proof of Theorem 1.2. 
LEMMA 2.1. Assume that c > -1. Let (An)n>no-max{k,lN} be a positive solution on Nno of the 
difference quation (El), where no is a nonnegative integer, and set 
Bn = An + cAn-k, for n > no + k - max{k, lN}. 
Then (Bn)n>no+k--max{k,tN} is a solution on Nno+k of (El), which is positive and decreasing 
on Nno. 
PROOF. It is easy to see that (Bn)n_>no+k--max{kJN} is a solution on Nno+k of the difference 
equation (El). Furthermore, from (El) it follows that 
N 
ABn = - ~'~pj(n)An-t~, for all n _> no. (1) 
jffio 
Thus, ABn <_ 0 for every n >_ no, which means that the sequence (Bn)n>no is decreasing. Next, 
we will show that (Bn)n>no is positive. To this end, let us suppose for the sake of contradiction 
that there exists an integer n~ _> no such that Bn'o < O. If B% = O, then we can choose an 
integer ng> no so that Bn'o' < O. Indeed, in the opposite case we always have Bn = 0 for all 
n > n~) and so ABn = 0 for every n _> n~, which contradicts (1), since the sequences (pj(n))n>_o 
(j = 1, . . . ,  N) are assumed to be not identically zero. We define nl = n~ if Bn'o < O, and nl =ng 
if Bn, o = 0. Then nl >_ no and B m < 0, and consequently, we have 
Bn < -6, for every n > nl, (2) 
where/f = -B  m > 0. Next, we define 
Cn = Bn + cBn-k, for n > no + 2k - max{k, lN}, 
and we observe that 
N 
ACn = - Zp j (n )Bn_~,  for n >_ no + k. 
jffio 
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Thus, by using (2), we get 
N 
ACn > 6Zp j (n ) ,  for every n _> n2, 
j=0 
where n2 -- max{no + k, nl -t- IN}. ~om this it follows easily that 
Cn >_ Cn2 + 6 pj(i , for all n > n 2. (3) 
~n2 
N 
Since the sequence ()-']~j=oPj(n))n>o is L-periodic and nonnegative but not identically zero, one 
can prove that (3) implies that 
lim Cn = oo. 
n--*OO 
So, there exists an integer n3 >__ max{n~ + k, no + 2k - max{k, IN}} such that 
C ,  > 0, for all n _> n3. 
Hence, we have for n >_ n3 
0 < Cn = Bn + cBn-k <_ Bn-k -1- cBn-k = (1 + c)Bn-k <_ (1 + c)Bng < O, 
which is a contradiction, since 1 + c > 0. 
LEMMA 2.2. Assume that c > -1 .  Let (An)n>no be a positive solution on Nno of the difference 
equation (Ea), where no is a nonnegative integer, and set 
B,~ = An + cAn+k, for n _> no. 
Then (Bn)n>no is an increasing solution on Nno of (F_~), which is eventually positive. 
PROOF. It is obvious that (Bn)n>no is a solution of the difference quation (E2). Moreover, 
from (E2) it follows that 
ASh = qo(n)An + Z qJ (n)An+mj, for n _> n0. (4) 
jea 
Thus, ABn > 0 for every n > no, which means that the solution (Bn)n>no is increasing. It  now 
remains to show that Bn > 0 for all large n. For this purpose, we will assume that 
B= < 0, for every n ___ no. (5) 
Set 
Cn = Bn + cBn+k, for n _> no. 
Then we have 
AC~ = qo(n)Bn + ~ qj(n)Bn+mj, for all n >_ no. 
jEJ 
Thus, because of (5), ACn < 0 for all n >_ no, and consequently, the sequence (Cn)n>no is 
decreasing. Furthermore, we obtain for n _> no 
Cn = B~ + cB~+k <_ Bn+k + eBn+k = (1 + c)Bn+k, 
16 I.-G. E. KORDONIS AND CH. G. PHILOS 
and hence, in view of (5), we must have Cn < 0 for n > no. So, it holds 
Cn < -~, for all n >_ no, (6) 
where e = -Cno > 0. Now, we put 
Dn = Cn + cCn+k, for n _> no, 
and we see that 
ADn = qo(n)Cn + ~-~qj(n)Cn+mj, for all n > no. (7) 
jE J  
By (6), from (7) it follows that 
ADn <_ -e~"~qj(n) ,  for every n ___ no, 
jEJ 
which gives 
i=~o L~J J 
As the sequence ()-~'.#ej q (n))n_>o is positive and L-periodic, we can conclude that 
lim Dn =-c~.  (8) 
n" '}~ 
We see that/~ = limn-~oo Bn exists in (-c¢~, 0]. We have 
lira Cn = fl + c~ = (1 + c)~ 
n---}OO 
and, furthermore, we obtain 
lim Dn = (1 + c)~ + c(1 + c)~ = (1 + c)2/~ E ( -oo,  0], 
n----*OO 
which contradicts (8). This contradiction shows that (5) fails. Thus, there exists an integer 
n~ > no such that B% > 0. Then it follows that B~ > 0 for all n > n~. If Bn = 0 for every 
n > n~, then ABn = 0 for n > n~, which contradicts (4), since the sequences (qj(n))n>o for j E J 
are supposed to be not identically zero. Hence, we always have Bnl > 0 for some nl > n~}. So, 
B~ > 0 for all n > nl and the proof of our lemma is complete. 
3. PROOF OF  THEOREM 1.1 
For any A > 0 with 1 + cA -k ~t O, we set 
N 
1 ~--~pj(n)A_tj ' for n > 0. Fx(n) = 1 1 + cA -k 
j=0 
By using this notation, equation (*)x can be written as follows: 
L -1  
An - H Fx(r) = O. (*), 
r----0 
Furthermore, for every A > 0 with 1 + cA -k ~ 0, we have 
1"/ Fx (r) = FA (r , for n _> k, (9) 
r----n-k kr--O 
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and 
H Fx(r) = Fx(r) , for n > lj, (j = 1 . . . . .  N). (10) 
r-~n-lj Lr=O 
In fact, for any )~ > 0 with l+aX -k 7~ 0, we can use the hypothesis that the sequences (Pj(n))n>O 
(j = 0, 1 , . . . ,  N) are L-periodic and the fact that k = uL to obtain for every n > k 
1 / 
r--n-k r=n-k 1 PJ(r) 
5=0 / 
= 1 pj(r)A -tj 
~=o ~..-k j=o 
= 1 1 N 
k~=O 1 -t- c)~ -k PJ(r)A-lJ 
Ih ~ r 
Lr=O 
In a similar way, by taking into account he fact that the sequences ~j(n))n_>0 (j = 0, 1 , . . . ,  N) 
are B-periodic and that lj = vjL (j = 1, . . . ,  N), we can establish (10). 
(i) Suppose that (*)1 admits a root A0 > 0 with the property: if L > 1, then 
N 
1 Ep j ( r )Ao  l~ < 1, (r = 1, L - 1). (11) 
1 + C)~o k " ' "  j=O 
(Clearly, 1 + CAo k ¢ 0.) Since k = uL, we get 
[ L-1 1" 
and so, because of (9), we have 
n-- I  
H F~o(r) = ~0k' for n _> k. (12) 
r-~n-k 
Similarly, by taking into account he fact that lj = vjL (j = 1, . . . ,  N) and using (10), one has 
71--1 
H Fxo(r) = A~' for n > lj, (j -- 1 , . . . ,N ) .  (13) 
r-~n--lj 
Now, we put 
n--1 
An = H F~o (r), for n >_ 1. 
r~0 
For every n :> k + 1, we obtain 
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and thus, by using (12), we conclude that 
An-k = ,~okAn, for n > k + 1. (14) 
By a parallel argument, via (13), we can see that 
An-t~ =~o ljAn, fo rn>l j+ l ,  ( j=O, 1, . . . ,N)  (15) 
(for j = 0 the last equation holds by itself since l0 = 0). Furthermore, we have 
AAn =- An+l - An = [F~o(n) - 1JAn, for all n > 1. 
So, in view of (14) and (15), we derive for every n > max{k, lN} + 1 
A(An + cAn-k) + ~-~pj(n)An-t~ = (1 + C)~ok)AAn + pj(n))~O t~ An 
j =o IJ =o j 
= (1 + c,X~k)[F~,o(n) - 11 +  pj(n)ag An 
j--0 
~0.  
Thus, the sequence (An)n_>1 is a solution on Nma×{k,tN}+l of the difference quation (El). Next, 
we will show that An > 0 for n _> 1. In the case where L = 1, equation (*)1 gives 
F~ o (0) = a0 > 0. 
When L > 1, (11) ensures that 
F~ o(r) > 0, for r = 1 , . . . , L -  1, 
and so from (*)1 it follows that 
L-1 ] -1 
Hence, in both cases where L = 1 or L > 1, we have 
F~ o(r) > 0, for r = 0 ,1 , . . . , L  - 1. 
Finally, since the sequences (pj(n))n>_o (j = O, 1,... ,  N) are L-periodic, we conclude that 
F~o(r) > 0, for all r _> 0, 
which guarantees that all terms of the sequence (An)n>l are positive. We have thus proved that 
the difference quation (El) has a positive (and so nonoscillatory) solution. 
(ii) Assume that -1  < c < 0 and that (*)1 has no roots in the interval ((-c) 1/k, 1). (It must be 
noted that 1 +cA -k > 0 for all A E ((-c) 1/k, 1).) Moreover, suppose for the sake of contradiction 
that the difference quation (El) has a nonoscillatory solution (A,~)n>no-max(k,lN} on Nno for 
some nonnegative integer no. As the negative of a solution of (Ex) is also a solution of the same 
equation, we may (and do) suppose that (An)n>no-max(k,tN} is eventually positive. Furthermore, 
without loss of generality, we assume that An > 0 for all n > no - max{k, IN}. Set 
Bn = An + cAn-k, for n > no + k - max{k, lN}. 
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By Lemma 2.1, the sequence (Bn)n>_no+k-ma~{~,t,,,} is a solution on Nno+k of (E,), which is 
positive and decreasing on Nno. 
In the sequel, for convenience, we will assume that inequalities about terms of sequences are 
satisfied eventually for all large n. 
Define 
c[.°1 = B~ and C[.'l = C~'-xl + cC~'_-~ , ( .  = 1,2, . . . ) .  
Then Lemma 2.1 guarantees that, for any v 6 {1,2,. . .  }, the sequence (C [V]) is a solution of (El), 
which is eventually positive and decreasing. Furthermore, for each v 6 {1, 2, . . .  }, we define 
h.  = {~ e ( ( - c ) l / t  11: c[ .~ - f~(,OcE:l < 0}. 
First of all, we will show that 1 6 A~ and so A~ # 0 for every v = 1, 2 , . . . .  Indeed, let v be an 
arbitrary positive integer. Then we obtain 
c~-1 = ct--,] + cd.t-~'l _< c~--,l + cC~--,l = (i + c)C~-'l, 
and so 
1 
c[Z-ll-> 1 +c d:l" 
Thus, (El) yields 
Ac,:, =_ i, (c,:- , l  + 
j=O 
- l+c  
Hence, we have 
,~[~,1 1 - ~_,p3(n) C~ ~'1 < O, (16) 
V"+l  - 1 - +c /=0 
i.e., 
P[~] - -  F1 (r~)C[n "] < 0, Vn+l  
which means that 1 6 Av. 
Now, from (16) it follows that 1 (1/1 + c) N -- ~-~iffio PJ (n) is eventually positive. Thus, since the 
sequences (pj(n)),_>0 (j = 0 ,1 , . . . ,  N) are periodic with a common period, we must have 
N 
1 _ 1+_____~1 Zpj (n )  > 0, for all n _> 0, (17) 
j=o 
and so  L--l( 1 j_~_N ° ) )  
M-y[  1 1+c  p~(r >0.  
r----0 
By using the hypothesis that the sequences (pj(n)),_>o (j = 0 ,1 , . . . ,  N) are nonnegative and 
L-periodic and that the sequences (pj(n)),>o (j = 1 . . . . .  N) are not identically zero, we can 
easily see that M < 1. Furthermore, we define 
L -1  
~(~) = ~L _ I I  F~(,), for ~ ~ ((-c)1/~,1]. 
r----0 
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Then 
• (1 )=1-1 - I  1 ~p~-( r )  = l -M,  
r=o 1 + c j=o 
and so, as 0 < M < 1, we have 
¢(1) > 0. (18) 
Next, we will show that 
¢~(A) ~ co, as A ~ (--C) 1/k -[- O. (19) 
For this purpose, let us define 
I = {r e {0 ,1 , . . . , L -  1} :pj(r)  > 0, for somej  e {1 , . . . ,N}} ,  
and 
I* = {O, 1 , . . . ,n -  1} - I .  
Since the sequences (pj(n))n>_o (j = 1 , . . . ,  N)  are L-periodic and nonnegative and, moreover, 
not identically zero, it follows that I ¢ q}. If r E I, then pjo(r) > 0 for some J0 E {1, . . . ,  N}, and 
consequently, (in both cases where c = 0 or -1  < c < O) 
N 
1 1 
E cA_tcpjo(r)A-ljo --* - co  as A --* ( - c )  Wk + O. FA(r) = 1 1 + cA -k  pj(r)A-'# _< 1 - 1 + 
j=O 
Therefore, 
FA(r) --* - co  as A --* ( -c )  1/k + O, for every r E I. (20) 
On the other hand, if I* ¢ 0 and r E I*, then pj(r)  = 0 for all j = 1 , . . . ,  N, and hence, for every 
)t ~_ ((--C) l /k ,  1] 
N 
1 
1 EP j ( r )A - l J  = 1 cA_k.po(r), F,~(r) = 1 1 + cA -k  1 + 
j=0 
i.e., 
F (r) = 1, if p0(r)  = 0, 
N 
FA(r) --- 1 -po( r )  = 1 - E PJ (r) > 0, if c = 0 and po(r) > O, 
j=0 
F~(r) --* - co  as A --~ ( -c )  1/k + O, if - 1 < c < 0 and p0(r) > 0. 
(Note that we have used (17).) We have thus established that, if I* ¢ 0 and r E I*, then F~(r) 
tends, as A --* ( -c )  I/k + O, to a positive real number or to -co.  Thus, by combining this fact 
and (20), we conclude that 
¢(A) --* +co, as A --* ( - c )  1/k + O. 
If (I)(A) --* - co  as A --* ( -c )  1/k + O, then (18) implies that the equation (I)(A) = 0 has a root 
in the interval ( ( -c )  1/k, 1), which is a contradiction. Hence, (19) is always satisfied. From (18) 
and (19) and the hypothesis that (*)1 has no roots in the interval ((_c)Wk, 1) it follows that 
# = min I~(A): A E ((-c) '/~, I) 
L J 
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exists and is positive. Obviously, we have 
L-1 
H F,~(r) < )~L _ ~, for all A E ((-c) Ilk, 1). (21) 
r~0 
The proof can now be completed by proving that, for any v E {2, 3, . . .  }, it holds 
,~ E Av-1 ==~ ()~L _ ~)I/L e Av. 
m[~-l] Let v be a positive integer with v > 1. Consider an arbitrary number A E Av-1. Then vn+ 1 - 
F~(n)C[~ v-l] < O, which ensures that Fx(n) > 0 (for all large n). Since the sequences (pj(n))n>0 
(j = 0 ,1 , . . . ,  N) are L-periodic, we must have 
Fx(r) > 0, for r = 0 ,1 , . . . , L -  1, (22) 
and hence, from (21) it follows that 
U~_~L--~>O. 
Obviously, a < I. Now,  we have 
Cn Iv-l] - F~(n)C {v-l] < O. 
+1 
Thus, by taking into account (9), (21), and (22) we get 
C[nV_ 1 ] > (r = F~(r 
r 
> _ . ) -o  = O --k, 
i.e., 
Cn v-ll a-kC[n~-l]. (23) -k > 
In a similar way, by using (10), (21), and (22) we obtain 
C{V-1] > a_, j C[nv_l], (j = 0, 1,. , Y), (24) _/j •.  
(for j = 0 the last inequality holds by itself since l0 = 0). In view of (23), we have 
~i.-11 c~ "-11 + ~.-~c~ "-11 (1 + ~-~)c~--,l, C[J] = C[J  -1] + c ; ,_  k < = 
and hence, 1 + ca -k > 0, i.e., a e ((-c) l/k, 1), and in addition 
1 C[,, ] (25) C[~ "-1] -> l+ca_k  n • 
Finally, by virtue of (24) and (25), from equation (El) we obtain 
N 
j=O 
N 
: + 
j--O 
[5 1 >_ z~cl-1 + pj(.)~-,, ct--1] 
t j =o J 
-> A6'[n~'l + 1 + ca -k P3(n)~-lJ 
_ f~Iv] I 1 pj(n)a_tj C[n~ l 
- -  Vn+l  - -  1 Jr- CO" -k  
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i.e., 
c~,  - F=(.)c i : l  _< 0, 
and hence, a E A~. 
The proof of Theorem 1.1 is complete. 
4. PROOF OF  THEOREM 1.2 
For any ,~ > 0 with 1 + c,~ k 7t O, we define 
a~(n) = 1 + 1 + c,~ k qo(n) + qj(n))~ mi for n > 0. 
jE J  J 
Then equation (*)2 becomes 
L-1 
~L _ ]1  a~(r) = 0. (*)2 
r=0 
Moreover, for each ,k > 0 with 1 + c,k k 7t O, we have 
n+k-1 [L-1 u 
n G~(r)= l l- I  Gx(r) ' forn>_0,  (26) 
r~n kr=0 
and 
n+mj-1 FL_I ] wj 
H G~(r) :  [r~__oO~(r)J , for n>0and jE  J. (27) 
T~n 
Indeed, if ,~ > 0 is such that 1 + c)~ -k # O, then we take into account he fact that the sequences 
(qo(n))n_>o and (qj(n)),,>o for j e J are L-periodic and that k = uL to obtain for every n ___ 0 
H O,~(r) = H 1 + 1 + c,~ ' ' ' ' '~  qo(r) + E qj(r)AmJ 
r=n r=n jEJ  
1[ 1) =H l+ l+cA - - - - -g  qo( r )+~qj ( r )A  mj 
r=0 j E J .J 
[ 1)) = 1+ 1 ( r=0 1 nJcA k qo(r) + ~-~ qj(r)A mj 
j e J  J 
= G~ r 
kr=0 
By the same procedure, (27) can be proved. 
(i) Assume that (*)2 has a positive root ,ko such that 1 + CAo k > 0. Then 
L-1 ] U 
r_l~I0 G~,o (r) j  '=" ()tL)u = ~ L=) tk  , 
and, for any j q J,  
L-1 1 ~ 
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Thus, (26) and (27) give, respectively, 
n+k-  1 
1-I G oCr)= for n _> 0, (28) 
r~---n 
and 
n+mj  - I 
H Gxo(r) = X~,  for n > 0 and j E J. (29) 
Define now 
n-1  
An = H Gxo (r), for n > 1. 
r=0 
Clearly, An > 0 for all n > 1. Furthermore, we obtain for n > 1 
r--O L =0 J L r=n = 
and so, in view of (28), we have 
An+k = XkoAn, for n > 1. (30) 
In a similar way, by using (29), we can conclude that 
rnj An+m~ = "~o An, for n > 1 and j e J. (31) 
On the other hand, it holds 
AAn = An+l - An = [Gxo(n) - 1]An, for n > 1. 
Thus, by (30) and (31), we obtain for all n > 1 
A(An + cAn+k) - qo(n)an - E qj(n)An+mj = (1 + CXko)Amn - qo(n)An - [y~ qj(n)X~ n~] An 
j e J  kjeJ j 
= ( (l + cX~)[Gx°(n) -e] -q°(n) -Z qj(n)X'~ } 
-= O, 
which means that the sequence (An)n>_l is a solution on N1 of (E2). So, it has been established 
that the difference quation (E2) admits a positive (and thus, nonoscillatory) solution. 
(ii) Assume that -1  < c < 0 and that there exists a nonoscillatory solution (An)n>_no f the 
difference quation (E2), where no is a nonnegative integer. Moreover, suppose for the sake of 
contradiction that (*)2 has no roots in the interval (1, 1/(-c)1/~). (Note that 1 + cX k > 0 for all 
E (1, 1/(-c)x/k).) As the negative of a solution of (E2) is also a solution of the same equation, 
we can assume that (An)n>no is eventually positive. Furthermore, there is no loss of generality 
to suppose that An > 0 for all n _> no. By Lemma 2.2, the sequence (Bn)n>_no defined by 
Bn = An + cAn+k, for n > no, 
is an increasing solution on Nno of (E2), which is eventually positive. 
In what follows, for convenience, we will assume that inequalities about terms of sequences are 
satisfied eventually for all large n. 
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Set 
C [°] = B,~ and C[~ v] = C[~ v-'] + cC[~+~ 1], (v = 1,2 .... ). 
Then Lemma 2.2 ensures that, for each u E {1, 2,... }, the sequence (C [V]) is a solution of (E2), 
which is eventually positive and increasing. Furthermore, for any u E {1,2,... }, we define 
{ [ 1 )C[V]  _G~(n)C[nU]>O} hv= A• 1, (_~l/k : n+l -- • 
(Note that 1/(-c) 1/k = oo if c = 0.) 
For any u • {1, 2,... }, 1 belongs to A~ and so A~ ¢ 9. Indeed, consider an arbitrary u • 
{1, 2,... }. Then we have 
c[:l = c~--'J + cC~+-~ II _< c~-- l l  + cC~'-lJ = (1 + c)C~--ll, 
and consequently, 
1 cC[~]" C[nV-1] >- i+
Thus, from (E2) we obtain 
,~gT[v--1]~ ~c~'J - ~ (c~ "-I' +wn+k j = q0(-)c~ "-II + ~ " ,~[.-i, qj tn) t~+, b
jEJ 
>qo(n)C[v-l]+ [Zqj(n)] C[V-l]= [qo(n)+Zqj(n)] C[nV-l] 
IJeJ J je J  
l [qo(n) -4- Z qj(n)l C[V], 
>- 1 +-'--c jeJ J 
and hence, 
+1 - ~ qo(n) + Z qj(n) C[n V] > O, 
jEJ j 
i.e., 
C[nU]+, - el(n)C[n v] ~ O. 
This means that 1 • Av. 
Set now 
L -1  [ 1 ) (__~I/k g/(A) = A L -  H GA(r), for A • 1 , .  
r=O 
The sequence (qo(n))n>o is nonnegative and the sequence (~'~ieJ qj(n))n>o is positive. Hence, 
we have 
L - I (  1 [ ] )  
• (1)---1- l-I l+ ' i "~c  qo(rl+Zqi(r) <0, 
r=0 jEJ 
i.e., 
• (i) < 0. (32) 
In the particular case where c = 0, the following statement was established in the proof of the 
main result in [14]. 
(P) For any v • {1, 2,... }, the set A~ is bounded from above by a positive real number which 
is independent of v. 
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If -1  < c < 0, then, since the sequences (qo(n))n>o and (qj(n))n>O for j 6 J are nonnegative, 
we obtain for A 6 [1, 1/(-c) 1/k) 
L i( 1[ 
~(,k) = ,k L - I I  1 + 1 + c,k --------~ qo(r) + ~ q~(r),k ~
r=0 ~eJ j / 
< ~ - [ l  ~ 1 + 1 +%;~ ~ q~(~) 
r - -0  LjeJ j 
and so, in view of the fact that the sequence (~-~jeJ qj(n))n>_o is positive, we get 
1 
~/()~) --4 --OO, as ,~ --+ (_C)1/----- ~ -- 0. (33) 
By using (32) and (P) in the case where c = 0, and (32) and (33) for -1  < c < 0 and by 
taking also into account he hypothesis that the equation ~(A) = 0 has no roots in the interval 
(1, 1/(-c)l/k), we conclude that there exists a positive real number 7 such that ~(A) < -7  for 
all A 6 Av (v = 1, 2, . . .  ). (The number 7 is independent of v.) Hence, we have 
L -1  
HG~(r)>_AL+% for all A 6 Av, (v = 1,2, . . . ) .  (34) 
r=0 
The proof will be accomplished by establishing that, for all v 6 {2, 3, . . .  }, it holds 
A 6 Av-1 ~ (A L -~" 7) 1/L • A~. 
Consider an arbitrary positive integer v with v _> 2 and an arbitrary number A • Av-x. We set 
0 = ()~L _{_ ~) I /L  > 1 
and we will show that 0 • A~. To this end, we observe that 
c[:+-11] _> G~(n)c!~-1l. 
Thus, by (26) and (34), we obtain 
n+k-1 (7 Iv -  1] [L -1  ] u 
i.e., 
C[~-ll > OkC~,,-ll (35) 
+k -- 
Similarly, by using (27) and (34), we can derive 
~[~,-1] ~,,[~,-1) 
C'~+mj -> 0mJ ~n , for j • J. (36) 
In view of (35), we get 
ct:l = cE:-ll ~ ~,~t.-xl c[:- l l  + .+~ <_ ~o~cE.'-II = (I + ~ok)c[: -I], 
and consequently, 1 + cO k > 0, i.e., O • (1, 1/(-c)l/k), and in addition 
1 c[:] (3~) 
C[~-1] >_ 1 + cO k " 
CAI4HA 33:7-B 
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Finally, by taking into account (36) and (37), from (E2) we obtain 
~[~-1]~ 
jEJ 
j6J 
J J 
= AC[V] - [q°(n) + E qj(n)OmJ] 
- qj(n)°m  c[Z] 
j e J  
- - + qAn)o  m, vl, 
j6 J  j 
i.e., 
cn  I'j - ao(n lC[Z l  > o, +1 
and hence, 8 6 Av. 
The proof of Theorem 1.2 is now complete. 
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